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SUMMARY

@ Introduction to Compressed Sensing

@ Analog-to-Information Converters (AlC)
© Developments at UFCG

@ Challenges
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INTRODUCTION

Big data:

@ The amount of data generated rows a rate of 58% by year

@ In 2010 it was generated 1250 billions of Gigabytes of data
e More than stars in universe.

Storage grows at 40% of year.

Depending in the resolution and recording standard, obtained images
of a camera have pixels discarded.

@ Some audio standards discharge certain frequencies.

@ Donoho, Candes and Tao: Why not acquire just the information of

a signal?
)
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ANALOG-TO-DIGITAL CONVERTER - SAMPLING

54 o oo
ra [T

Edmar Candeia Gurjao (UFCG) Conversores Analégicos para Informagdes: A September 2019 5/67



ANALOG-TO-DIGITAL CONVERTER - RECOVERING
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SAMPLE AND HOLD

UFCG
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ANALOG-TO-DI1GITAL CONVERTER

Nyquist Theorem: s limited frequency signal x(t), |X(f)| =0, |f| > Fpum,
is unequivocally determined by its samples x(nTs), n=0,£1,+2, ... since
F. =2 >2F,

s T, = M-

@ Only consider the spectral content of the signal, not the information;

o Applied to any class of signals.

)
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ANALOG-TO-DIGITAL CONVERTER - UNDERSAMPLING

Alternative to reduce the amount of data is to undersample:

)
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SPARSE SIGNAL

o Definition A sparse representation of a signal with N components is
sparse in certain domain if it has just S << N non zero amplitude
values.

e Ex. sine wave: Time x Frequency
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INTRODUCTION - SPARSE SIGNAL

Magnetic Resonance and its Fourier Transform
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COMPRESSIBLE SIGNAL

e A compressible representation that approximate a signal with S non
zero coefficients.

()

e Taking only the non-zero values and it positions we can obtain a high
fidelity representation.

e Fundamentals of encoding by transforms: JPEG, JPEG2000, MPEG,

MP3, etc.
)
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COMPRESSED SENSING

o or Compressed Sampling, Compressive Sensing was raised as a
framework to obtain more compact representations of sparse or
compressible signals than the ones produced by converters based on
Nyquist Rate.

@ The basic idea is use projections in lower dimension spaces, and when
recovery is necessary to use optimization.

@ Not a new idea, in other contexts have been applied since 1975.

)
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COMPRESSED SENSING

Sparse Signal x € RV
o x is S-sparse: {i: x; # 0} have size equal to or lower than S

Set of measurements (projections) y given by

Ym = (X,am), m=1,... M.

a,, vectors used by measurements

Matrix notation y = Ax.

i a1 a2 -+ ain X1
Y2 dp1 a2 -+ aN X2
= X
Ym ami am2 - aMN XN
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LINEAR SYSTEM OF EQUATIONS (M = N)

y = A X X

a1 - | AN

Y2 ai -o- | A2N

. aM71 - aMyN .

)
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LINEAR SYSTEM OF EQUATIONS (M > N)

31’1 e 317/\/

3271 “ee 327N

YMm am,1 am,n

)
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LINEAR SYSTEM OF EQUATIONS (M < N )

y = A X X
yl al,l “e. a]_’N
3271 - 327N
= X
. aM71 - aMyN
.
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LINEAR SYSTEMS X SIGNAL REPRESENTATION

Back to linear systems:

i a1 d12 - ain X1

Ym ami am2 - dMN XN
After multiplication we obtain for the first line:
Y1 =aiixy + awxe + ... + ainXn

y1 has information about all x;, weighted by the respective ay;.
e Knowing the N weightings, we can determine x;.
@ Doing N > M we have error correction.

In these cases we can recover the original signal by x = [ATA] 1A Ty. w
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COMPRESSED SENSING

@ Our interestis M < N
o Less measurements than values in the signal (compression)
@ y = Ax has more unknowns than equations
e no solution of infinite number of solutions.
o Lets consider matrix A is full rank, i.e their columns (span) all RV,
o If we know (oracle) the null positions of x, the set S, we can form the
matrix As only with the columns indicating by S and to solve
Xs = [A;—AS]_IA;—y.
o Without the previous knowledge and x sparse: optimization method.

e Oracle solution serve as a reference.

)
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COMPRESSED SENSING

N
I, norm of a vector (|| x [|[p)P = >_ |xi|P
i=1

@ Ip norm counts the number of non-zero elements in a vector, i.e. its
support.

Signal x can be recovered from measurements y by solving the
optimization

(Po) min [[ X ||, subject to Ax =y,
€RN

. . . . N :
@ Solution of this problem involves search in < S > possible supports.

)
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COMPRESSED SENSING

@ Serch in < I;I ) possible supports.

o As the sparsity increases (lower values of S) the number os
possibilities increases.

e Example: [Elad’s book] For M = 500 and N = 2000, if a signal has
sparsity S = 20 we have

( ’;’ > ~ 3,9 x 10*" possibilities

@ NP-complete problem.

)
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COMPRESSED SENSING

o Alternative to the Py:
N
o hnorm: (|| x [2)% = 3 |xil?
i=1

o Ex.: x" =1[1,0], A= [11] then y = [1];
e optimization consits in to search in the ball:
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o X' = [ﬁ \/E] is a solution, but not sparse. w
AN £
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COMPRESSED SENSING

@ Alternative to the Py:
N
o i norm: (|| x ) = 3 [x
i=1
o Ex.: x™ =1[1,0], A=[11] then y = [1];
e optimization consits in t search in the ball:

10

[H
o
=2

00

-05

-10 -05 00 05 10
Ty

o T =[1 0], is a sparse solution.
e Taking M > Slog,(N/S) << N a signal can be recovered solving

P i X bject to Ax =
(PL) min || %]y subject to A% =y, =
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OTHER FORM TO WRITE THE OPTIMIZATION PROBLEM

min IAx-yll +A 1D (x)Il,
X

How choose the value of M?
e M > Slog,(N/S) << N

o Minimizing recovery error: E||X — x||? < ¢
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COMPRESSED SENSING

e Considering z a non sparse signal:
@ to apply a transform ® and to obtain a sparse representation x = ¢z

o ® ortonormal, p® = pHd =1, where ®" is the hermitian transpose

(g) Lena (h) DWT Coefficients

g
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COMPRESSED SENSING

@ Matrix A has to permit the recovery of a S-sparse vector v such that

for 6 >0
(1= ds)IIv[3 < [|Av |3< (1 + ds)|v[3-
Restricted Isometry Property - RIP.
@ A RIP of order 2S5 for two S-sparse, X3 € Xa:
||AX1 — AX2H2

(1-d2s) < B < (1+ds).
[x1 = xa|
RN RM
A
o
2

Ao

S-planes
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Compressed Sensing Framework:

% . ; Recovery
x X Yy
ﬂ.\ ‘,ﬂ Processing Method D

> m—p

Cs
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COMPRESSED SENSING - HARDWARE

@ Conversion of analog signal to digital maintaining information

e Analog to Information Converter - AlC.

e Signal x(t), t € [0, T], with a set of test functions {¢(t)}}\i1: to
realize M measurements
-
Wil = [ oo )
@ To build such systems we need three components:

o hardware to generate test signals ¢;(t)
o M correlators to multiply the signal x(t) with each ¢;(t)
o M integrators with zero initial state.

)
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Compressed Sensing Framework:

e ™ N

x(t) —‘ix‘ '[['IF I_—:_D Processing [ RGE?::? ) (1)

rJ{(f?

AlC

<
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COMPRESSED SENSING - RANDOM MODULATOR

Integrator  : Sample-and-Hold _ Quantizer

..-(/)H®—» / X l » yln]

Pseudorandom
Number Seed

Generator

x(t) is correlated with a sequence of random pulses +1, that alternate

between values in a Nyquist rate N,Hz proportional to the Nyquist rate of

x(t).
Mixed singal is integrated in a period of 1/M, and sampled by an ADC
with rate My;Hz << N, Hz:

L
= [ oo
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COMPRESSED SENSING

Denoted by p.[n] as the sequence of symbols +1 used to generate p.(t),
we have pc(t) = pc[n], t € [(n—1)/N,,1/Na], for example j = 1, we have

N, //\//a

1/M, 1/Ma
V1 = /0 pe(t)x(t)dt = > peln] / (4)

as N, is the Nyquist rate of x(t) then fl/M"’ (t)dt is the average x(t) in
the n-th interval, que pode ser denotado por x[n], o que nos leva a

N,/ M,

yltl= " pelnlxln]. (5)

n=1
)
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COMPRESSED SENSING - NUS

Non-uniform sampler (NUS): main part of the samples.
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COMPRESSED SENSING - XAMPLING

Based on subspace union to determine what subspaces signal samples are
concentred.
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COMPRESSED SENSING - XAMPLING

Based on subspace union to determine what subspaces signal samples are

concentred.
Reduce analog bandwidth Reduce digital complexity
prior to sampling Gain backward compatability
a(t) ml::;:;:;ion ADC device | Y[ [ Dorection Subspace Subspace | 2(8)
g N — * t) € Ax- 2 5P 1| s
PillosS x(t) 5 DSF reconstruction
\ Amalog Commercial |~ Nowlinear  Lowrate, Standard | Lowrate, Standard
i hi
X-DSP

X-ADC

<
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COMPRESSED SENSING - UFCG IMPLEMENTATION

Configurable Analog to Information Converter (Phd Thesis - UFCG)

Conversor Configuravel Analogico para Informacao

Vanderson de Lima Reis

)
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COMPRESSED SENSING - UFCG IMPLEMENTATION

Na/M,

yltl= Y pelnx[n]. (6)

n=1

Implemented in FPGA

Figura 3.3: LFSR Arquitetura de Galois (ou One-fo-Many) para o Polindmio 1 + x + x* + x% + x®
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COMPRESSED SENSING - UFCG IMPLEMENTATION

Na/M,

ylil= > peln]x[n]. (7)
n=1
Dedicated Circuit
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COMPRESSED SENSING - UFCG IMPLEMENTATION

N,/ M,

vl =Y pelnlxnl. (8)

n=1

Dedicated Circuit
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COMPRESSED SENSING - UFCG IMPLEMENTATION

Na/Ma

yltl= ) pelnlxlnl.

n=1
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COMPRESSED SENSING - UFCG IMPLEMENTATION

Arbitrary Waveform
Generator

PC with:
Arbitrary Waveform
Editor, Matlab and
LabVIEW

USB/LAN

Reconstruction
and /or
Detection

Signal

A channel Measures

( Multiplier Active Analog A (
4-quadrant Filter

i)

L DAQ NI USE 6361

FRBS Syne ‘
(LFSR) puse )| rpa
W

Control HW
\ S

-
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COMPRESSED SENSING - UFCG IMPLEMENTATION
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COMPRESSED SENSING - UFCG IMPLEMENTATION

Configurable Analog to Information Converter (Phd Thesis - UFCG)

gy o

It

o o
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COMPRESSED SENSING - UFCG IMPLEMENTATION

Configurable Analog to Information Converter (Phd Thesis - UFCG)
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COMPRESSED SENSING - UFCG IMPLEMENTATION

Configurable Analog to Information Converter (Phd Thesis - UFCG)

G =|29.3'3.7. WISE = 0.0033285, Max =0015307, Média =0 (43535, Mediana =0.035158

: —n] com AL b RO SRR AUP
15k b g Hn) com &1 | H . H
' /\ :((': Zingl te Eno H 1 :
|{, Lk \ B i ] o5k W R
0s - g . . - . ‘ : l H
vl : | : o 5 0] 15 20 25 Eil =
1] x\_'_i____/\,-v | B g Reconstrgso GV
¥ : MEE ririrnc = 0.00CCIEEL.
LE ; T T i i
P o -
: 05 ; :
151 v ¥ I H
a) | . L b), : .
B 10 15 ] 5 el ¥ ] 5 15 an o1 Ell e}
Sinal Orignal

Edmar Candeia Gurjao (UFCG) Conversores Analégicos para Informagdes: A September 2019 44 /67



COMPRESSED SENSING - UFCG IMPLEMENTATION

n

Consider s(t) = > ajp(t — iL), where a; is r.v in{0,1}, and p(t) a
i=1

rectangular pulse
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COMPRESSED SENSING - UFCG IMPLEMENTATION

Test Methods for Analog to Information Converters Based on IEEE 1241
Standard (Phd Thesis - UFCG)

METODOS DE TESTES DE CONVERSORES ANALOGICO
PARA INFORMAGQAO BASEADOS NO PADRAO [EEE 1241

Veronica Maria Lima Silva

Novel IEEE-STD-1241 based Test Methods for Analog-to-Information Converter
Veronica M. L. Silva ; Clecnilson P. Souza ; Raimundo C. S. Freire ; Bruno W. S. Arruda ; Edmar

C. Gurjdo ; Vanderson L. Reis
|IEEE Transactions on Instrumentation and Measurement

<
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COMPRESSED SENSING - UFCG IMPLEMENTATION

Sine-wave fitting for ADC

GERADOR fe
DE CLOCK INTERFACE USB,
f PARALELA, ETC
s
A Y /
GERADOR N
DE ONDA ADC MEMORIA PC

SENOIDAL

PODE SER USADO UM
ANALISADOR LOGICO

<
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COMPRESSED SENSING - UFCG IMPLEMENTATION

Sine-wave fitting for AIC
o Input signal x(t) = Ag cos(2rfot) + Boysin(2nfot) + Co;
o Measurements y;
o Recovered sparse signal so = ((®Dg) " (®Dg))~H(PDg) " y;
e Whwere sy = [Ao By Gol;
@ SINAD is the error between the original signal and the one recovered
by the equations;

)
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COMPRESSED SENSING - UFCG IMPLEMENTATION

Sine-wave fitting for ADC

| |
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COMPRESSED SENSING - UFCG IMPLEMENTATION

Calibration Methods Based on Models for RMPI Analog to Information
Converters (Phd Thesis - UFCG)

Métodos de Calibragio Baseados em Modelo para Conversores

Analégicos-para-Informacao do Tipo Pré-Integrador de Modulacao Aleatéria

Bruno Willian de Souza Arruda
i\ /3
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COMPRESSED SENSING - UFCG IMPLEMENTATION

Calibration Methods Based on Models for RMPI Analog to Information
Converters (Phd Thesis - UFCG)
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COMPRESSED SENSING - UFCG IMPLEMENTATION

Calibration Methods Based on Models for RMPI Analog to Information
Converters (Phd Thesis - UFCG)
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COMBINATORIAL X GREEDY ALGORITHMS

Phase transition [Donoho e Tanner]: Determine the region where a
recovery method work better

Combinatorial Search!

2 F, solves F,

% o1 ez 05 o4 06 06 &7 o0& 08

ik d=nlp
Phase

(i) Observer Universality of (j) Fonte: Nuit Blanche

Transition. Donho e Tanner
What is the Phase transtion diagram of UFCG hardware?
Edmar Candeia Gurjao (UFCG)
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COMPRESSED SENSING - UFCG IMPLEMENTATION

Integrar em |
chip

AIC I

<
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COMPRESSED SENSING - UFCG IMPLEMENTATION

7
q
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COMPRESSED SENSING - UFCG IMPLEMENTATION

Phases A B C

o . 7
= AlC Nt
Integrated
Chip

9
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SIGNAL PROCESSING IN COMPRESSED DOMAIN

@ Operation Ax is

e Linear
o Restricted Isometry Property maintains signal property

@ Parameters can be measured in the compressed representation
y = Ax.

@ Some operations don't need signal reconstruction: inference,
classification, estimation

IEEE JOURNAL OF SELECTED TOPICS IN SIGNAL PROCESSING, VOL. 4, NO. 2, APRIL 2010 15

Signal Processing With Compressive Measurements

Mark A. Davenport, Student Member, IEEE, Petros T. Boufounos, Member, IEEE, Michael B. Wakin, Member, IEEE,
and Richard G. Baraniuk, Fellow, IEEE

9
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INTRODUCTION - SPARSE SIGNAL

Magnetic Resonance and its Fourier Transform
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COMPRESSED SENSING — APPLICATIONS

Compressed Sensing MRI

Michael Lustig, Student Member, IEEE, David L. Donoho Member, IEEE
Juan M. Santos Member; IEEE, and John M. Pauly, Member, IEEE

nyquist sampling low-resolution linear

See Siemens Healtchare - Compressed Sensing MRI.
)
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COMPRESS
F P -
C Ciéncias
ULisboa

Development of Sparse Coding and Reconstruction
Subsystems for Astronomical Imaging
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COMPRESSED SENSING — APPLICATIONS

Edmar Candeia Gurjao (UFCG)
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CONCLUSIONS

o Compressed Sensing is in development;

Signal Procesing in the compressed domain (few works);

Noise Folding: big challenge;

Aanalog to Information Converters

o New architectures
o MRI is the breakthought application
e Open area!
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THANK YOU!

Edmar Candeia Gurjao
ecg@dee.ufcg.edu.br
http://ecandeia.dee.ufcg.edu.br
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